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Real interpolation

LP spaces

Let (X, X, 1) be a measure space.
All functions f, g, ... : X — C are assumed to be measurable. We set

[fl={g: X—>C|f=gpu-ae}

and often write simply f in place of [f].
Definition
For 0 < p < o,

e, = {10| [ 1Pdu< oo}

Proposition

LP(X, 1) with the quasi-norm ||f|| o = ( [y |f|P du)v P is a quasi-Banach
space. It is a Banach space ifp > 1.

For p = oo, L(X, 1) = {[] | |fllu = esssuplf] < oc}.
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Distribution function

Definition
For f: X — C, the distribution function d;: [0, c0) — [0, o] is defined as

di(a) = p({Ifl > a}).

Lemma
Forp € (0, ),

IWﬂsz o~ di(a) dor
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Real interpolation

Proof.
We have

If|
”fHIZp:/ |f|pd,u:// paP~ 1 dadp
X X JO

—p/o ap‘1/XX{|f|>a}duda—P/o P di(a)da. O

Remark
Let ¢ € €([0,00); R) N €"((0,20); R), ©(0) = 0, and ¢’ > 0. Then

/X o(1f) dp = /0 o/ (0)di() dor

Ingo Witt Probabilistic methods September 2019 6/20



Real interpolation

Weak LP spaces

Definition
For0 < p < oo,

LP(X, 1) = {[f] [ [If[l o < 00},
where
| f]|p.cc =inf {C >0 d(e) < (C/a)P foralla >0}
= sup {vdf(v)”” |y > 0} :

For p = oo, L%°(X, p) = L=(X, p).

Again, LP*°(X, u) is a quasi-Banach space. It is a Banach space if p > 1 (under an
equivalent norm).
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Real interpolation

Lemma
LP(X, p) C LP=(X, ).

Proof.
One has
P < [ [fPdu< Al m
{lf[>a}
Example

[X| /P ¢ LP(R™), but x| /P € LPo°(R™).
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Real interpolation

Proposition
ForO<p<r<qg<oo,

LPo(X, 1) N L9(X, 1) € L'(X, o).

Proof.
We treat the case g < . (The case g = ~o is easier.)

Let f € LP*(X, 1) N L9%(X, 1) and set B = (|[f| % /I1F]%5) 9.
Then

ro— o <o Hf”LPoo ||f||quo
||f\|Lr_r/O « df(a)dagr/o @ ( P ' ol do
B ()
= r/ r—p— 1||f||Lpoo dOZ+ r/ ar7Q71Hf||Zq,oo da

0 B

= Hflleoo B9 = C(p,q,r) ||| (o | fl|fa0e < o0,

r—
— Yp1/r o
where 0 = T7p=1/q € (0,1). O
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The Marcinkiewicz interpolation theorem

Let T be an operator which is defined on a linear subspace of the space of measurable
functions on (X, 1) and takes values in the measurable functions on (Y'v).

@ T is said to be quasilinear if |T(f+ g)| < K(|T(f)| +|T(9)|) and
T(Af) = |A||T(f)| forsome K > 0andall f,gandall XA € C.

@ T is said to be sublinear if it is quasilinear with K = 1.

Theorem

LetO < pg < p<pi <ooandletT be aquasilinear operator (with
constant K > 0) defined on LPo(X, ) + LP1(X, n). Suppose that

[Tl oo < Myl = 0,1,
for certain constants My, My. Then
IT(F)lle < Clp, Po, o1, K)M O MY ||| 1o,

where 6 € (0,1) isgivenby1/p=(1—6) /po + 6/p1.
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Proof

We treat the case py < oo.

Let f € LP(X, ) and a > 0. Split f at height 6« for some 6 > 0 to be
chosen later, i.e., f = f§ + f{*, where

I = xqf>sarf; ' = xqf<sar f-

Then
15 (175 < (Sa)PPIFITo, I (IT8 < (Sa)Pr=PIf|| .

Quasilinearity of T yields |T(f)| Li K (] T(f?}] +|T(£)]) and then
{IT(A] > o} SAIT(R)] > o/(CK)} U{IT(A)] > «/(2K)} .
It follows that
dr(n(@) < driey(a/(2K)) + dre)(a/(2K)).
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Real interpolation

Proof, cont.

We further obtain
Mp°

MP1
d aéi/ fd +71/ ™ ae
7(n)(@) (a/(2K))Po {m>5a}| I du (a/(2K))P1 {mgaa}| "

Hence,

1T < pRMoK)™ / Nain / 117 duda

{If[>da}

+ p(2M;K)P! / PP / [P duda
0 {If|<da}

If1/6 o
= p(2Mo K )P / |f|Po / PP~ dadp + p(2M; K)P! / il / PP~ dadp
X 0 X |f1/6

_ (2M0K)p0 1 + (2M1 K)p1 §P1—P Hf”P
p—po OPP  pi—p wr

The result follows by choosing § > 0 in such a way that

M MP1 P =P = MST=OP 0P,

SP—Po
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Applications

@ The Hilbert transform H: LP(R) — LP(R) is continuous for any

1 < p < . Here, Hf(x) = % p-v. 7, )f((—j’}), dy is convolution with
1

p.-Vv. —-
> His unitary on L3(R) as the Fourier transform of p.v. ->- equals
—lsgn¢.
> Theﬁ ogne shows that H is of weak type (1,1).
Hence, one gets the result for 1 < p < 2 by interpolation and for
2 < p < oo by duality.
© The Hardy-Littlewood maximal operator M is of weak type (1, 1)
and bounded on L>°(R"), hence bounded on LP(RR") for any
1 < p < o by interpolation. Here,
Mf(x) = sup, m Ja(n f(¥)] dy for x € R". Note that M is
sublinear.

Ingo Witt Probabilistic methods September 2019 13/20



Real interpolation

Non-increasing rearrangement

Definition
For f: X — C, the non-increasing rearrangement f* is defined by

f*(t) =inf{s > 0] di(s) <t}, t>0,
(with the convention that inf ) = o0).

f* has the same distribution as f, i.e., d; = f;. In particular, for any

0 < p < oo,
/|f|pdﬂz/ (F)Pdt.
X 0
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Real interpolation

Lorentz spaces

Definition
For p, g € (0, ], we set

1/q
1/p* qg
e — 4 (o7 (EPF®)TE) T, g< oo,
supyo £'/PF(8), g= oo,

and define
LPA(X, ) = {[f] | [ fllp.g < oo}

@ [P9(X, ) is a quasi-Banach space. It is a Banach space if p > 1, ¢ > 1 (under
an equivalent norm).

@ L[PP(X, u) = LP(X, 1), LP°°(X, ) is the weak L” space as previously defined.
@ [PI(X,p) CLPM(X,p)ifg <.
@ [>9(X, p) = {0} if g < oo.
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Real interpolation

Lemma
Forp < oo,

oo 1/q
_pl/a 1/p\9 ds
[fllpe = p (/0 (sd,(s) ) . ) .

Proof.

Let g < co. Then the simple functions are dense in LP9( X, u).
For f(x) = S°0_, akxa, (x) with the A, being of finite measure and pairwise disjoint
and a; > ... > ay > 0, one computes

N
di(@) = by X(a,y.a) (@),
j=0
where b; = Zkgj u(Ax) and ag = oo, an+1 = 0, as well as

1/q
Ifllpa = (p/q)"7 (a‘ib?/p + af (bg/p - bﬁ/p) +...+a] (b,‘Z/p - bﬁ/ﬂ)) :

This shows that the formula above holds in this case. O
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Real interpolation

Theorem

Let po, p1, 90,91, r € (0,00], Po # P1, Qo # q1- Let T be quasilinear with
domain containing LP (X, u) + LP1(X, u) or linear with domain
containing the simple functions. Suppose that, for all A with finite
measure,

IT(xa)ll g0 < Mjp(AYVP j=0,1.
Then, for6 € (0,1),

” T(f)HLq(%’ < M97r ||f||l_p9,r.

Note that LPo->°(X, ) C LPo(X, ) + LP1 (X, ).

Corollary
In addition, suppose that py < qy. Then

| T ()| a0 < My ||| po-
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Complex interpolation
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The Stein interpolation theorem

Let (X, 1) and (Y, v) be o-finite. Further let po, p1, o, g1 € [1, c0]. Set
S={zeC|0<Rz<1}andS={zeC|0<Rz< 1}

Let {T},.g be a family of linear operators which take simple functions on (X, 1) to
measurable functions on (Y, v). Suppose that the following conditions are met:

@ z+— [,(T.f)gdv is continuous on S and holomorphic on S for all simple
functions f, g,

@ sup,.se "% log | [, (T.f)gdv| < oo for some k < r and all f, g,

@ supy,_; e KIS?l og || T,

ll,p 4 <ocoforj=0,1.

Theorem

Under these conditions, for any 6 € (0, 1), there exists a constant Cy
such that
I Tofll 6 < Collflles ,

4 _1-6, 6 imi
where % — P + pr and similar for qg.
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The Riesz-Thorin interpolation theorem

A special case is when T, = T is independent of z € S.

Theorem
Forany 6 € (0,1),

0
1T epo 90 < Tz a0 | Tl Eo1 g1 -
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